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I. INTRODUCTION 



As with no other problem in classical electrodynamics the problem of the radiation friction effects on charged particle 
dynamics has been attracting attention for more than a century [H-Q . The radiation friction imposes constraints on the 
highest attainable energy of charged particles accelerated by standard accelerators @ and in space Q, in particular, 
on the energy of the ultra high energy cosmic rays ML The effects of radiation reaction on electrons in a magnetically 
confined plasma lead to the phase space contraction [81] . Laser light being coherent and of ultra high intensity provides 
special conditions for experimentally studying the radiation friction effects. The radiation generated by present day 
[3, lasers approaches limits when the radiation friction force will change the scenario of the electromagnetic (EM) 
wave interaction with matter, i.e. at J > Irad = lO^^W/cm^. The electron dynamics become dissipative with fast 
conversion of the EM wave energy to hard EM radiation, which for typical laser parameters is in the gamma-ray range 
llMl3l| . There are discussions of the modification of the electron acceleration in the laser wake field acceleration regime 
14] and the ion acceleration in the radiation pressure dominated regime [isj due the radiation friction, which are 
mainly obtained with computer simulations (ill [l6|. If the laser intensity substantially exceeds Irad, novel physics of 
abundant electron-positron pair creation will come into play [13] (see also [3] and [la]) when the electron (positron) 
interaction with the EM field is principally determined by the radiation friction effects. The persistent interest towards 
the radiation friction effects stems from all these reasons [l^ [2^ . 

In order to self-consistently find the trajectory of the emitting electron, the so called Minkovsky equations [s*] should 
be solved with the radiation friction force taken into account 



as c 



(1) 



ds 



(2) 



Here = (7, p/mgc) is the four- velocity, Ffj^^, = dfj,A^ — d^Afj, is the EM field tensor with being the EM four- vector 
and fi = 0,1, 2, 3, and 



dt 
1 ' 



The radiation friction force in the Lorentz-Abraham-Dirac (LAD) form |2l|-[23j is given by 

„ 2e2 



3c 



ds^ \ ds 1 \ ds 



(3) 



(4) 



As is well known, equation ([T]) with the radiation friction force in the LAD form @ possesses unphysical self- 
accelerating solutions (e.g. see Refs. [l,!^). When the radiation friction force is taken to be in the Landau-Lifshitz 
(L-L) form. 
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the electron motion equations do not have pathological solutions, although they are not always consistent with energy- 
momentum conservation for an abruptly changing electromagnetic field [2^ . 
In the 3-dimensional form it can be written as ]2l 



2e^ 
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The L-L radiation friction force being a perturbation is valid provided there exists a frame of reference, where 
it is small compared to the Lorentz force, eF>^^u,j, as noted in Ref. [2]. Proving this frame of reference existence 
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and finding the range of validity of the friction force in the L-L form is far from trivial. Below, using several exact 
analytical solutions to the electron motion equations in the EM field for the radiation friction force in the LAD and 
L-L forms, we discuss the validity range of the later approximation. 

The electron motion equations with the LAD friction force admit an exact solution for the stationary problem 
describing the electron motion in the rotating electric field (see Refs. [H, [13, HE] ) ■ This problem can also be solved 
for the case of the L-L force. Generalizing the electromagnetic field configuration, we consider the electric and 
magnetic field to be a superposition of components, which are rotating with frequency w, homogeneous in space, and 
time-independent 

F, = -eiEi - 62 [Dx2 + E cos{ujt)] - 63 [Dx-^ + E s\TL{ujt)] , (7) 

B = eiSi + 62 Ja;3 - 63 7x2, (8) 
where ei, 62 and 63 are the unit vectors along the 1,2,3 axis. The EM field tensor is equal to 



/ El Dx2 + E cos{Lot) Dx3 + E sm{ujt) 

—El —Jx2 Jxs 

-Dx2 — E cos{iot) Jx2 —Bi 

\ -Dx3- Esm{ujt) -Jx3 Bi 



(9) 



In the case when Ei,Bi,J and D vanish, the electric field can be realized in the antinodes, where the magnetic 
field vanishes, of a standing EM wave formed by two counter-propagating circularly polarized EM waves. Such an 
EM field configuration plays an important role in theoretical considerations of various nonlinear effects in quantum 
electrodynamics, e.g. see Refs. [Hi, 17, 26]. This EM configuration corresponds also to the circularly polarized EM 
wave propagating in the underdense plasma for the frame of reference moving with the wave group velocity [27l . |28| . 
In this frame of reference, the EM wave frequency is equal to the Langmuir frequency, ujpe — \J 'inuQe'^/me, where 
no is the plasma density and the wave has no magnetic field component. The static component of the magnetic field, 
Bi, can be generated in laser plasmas due to the inverse Faraday effect. Its effect on the charged particle motion has 
been studied in Ref. The radial component of the electric field, e2Dx2 + 630x3, and azimuthal component of 

the magnetic field, 62 Jxs — 63 Jx2, correspond to a plasma wave in the boosted frame of reference with Ei being the 
longitudinal component of the wake field. 

It is convenient to write the electron momentum p = eipi(i) -|- e2P2{t) + e3P3{t) and coordinates x = eixi(t) + 
e2X2{t) + 63X3(1), as a combination of vectors, which are non-rotating and rotating with angular frequency to. 




1 

rUeC 





cos{ujt) sin{ujt) \ \ P2 \ (10) 
— sin(aji) cos{ujt) 




and 





1 

= ( cos{ujt) sm{ujt) \ \ X2 I . (11) 
— sm{iL!t) cos{u!t) 

II. STATIONARY SOLUTION OF THE ELECTRON EQUATIONS OF MOTION WITH THE 
RADIATION FRICTION FORCE IN THE LORENTZ-ABRAHAM-DIRAC FORM 

The stationary solution of equations ([T|) and ([2|), for which the vectors u = (ui, M2, ■U3) and x — {xi, X2,X3) do not 
depend on time, with the radiation friction force in the LAD form, Q can be cast as 

= ai - EradUll (7^ - 1 - Ml ^) , (12) 



f, , .Ul\ U2 ~ ( 2 ~ 2\ 

U2= [d-b-j — h eradU3l (7 - Ml ) > 

V 7/7 



(13) 



M3= [d + b- j — ha - eradU2j (7^ - ui ) , (14) 

V 7/7 
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where we use the relationship between Xi and Ui , with z = 1, 2, 3, given by Eq. ([2]), which is 



Here the dimensionless parameter, 



U3C . U2C 

Xi = S7M1, X2 = , X3 = . (15) 

70; 70; 



characterizes the radiation damping effect, ai = eEi/nieLuc, a = eE/rrieUJc, d = eD/m^ujc, j = eJ/m^ujc, and 
b = eBi/meUjc are normahzed longitudinal and transverse components of the electric and magnetic field, and 7 
is the electron relativistic Lorentz-factor equal to \J \ + u\ + u\ -\- u^. The parameter £rad can also be written as 
£rad = 47rre/3A Or £rad = 2ajie/3, where Ve = lme<? is the classical electron radius, = ''e/c, and A = 2110/10. 

At first we analyze the most simple case with Bi = J = D = 0. The stationary solution to equations ([T]) and ([2|), 
for which the vectors u = (ui, M2, ua) and x — (ii, i2, ^3) do not depend on time, with the radiation friction force in 
the LAD form ^ can be cast as 

= ai - EradUlJ (7^ - 1 - uf) , (17) 
U2 = £radU3"f (7^ - Uj) , (18) 

M3 = a - eradU2l (7^ - w?) ■ (19) 
Multiplying Eq. pT]) by ui, Eq. ([T^ by and Eq. by its, and adding them, we obtain 

aiUi + a{t2 = Eradl^ (7^ - 1 - u?) , (20) 

which is the zero-component of Eq. ([T]). The left hand side of this equation is proportional to the work produced by 
the electric field in the units of time and the right hand side is proportional to the energy dissipation rate due to the 
radiation losses. 

Multiplying Eq. (|18p by 113 and Eq. (fT9|) by U2, and adding them, we obtain 

+ u\ = au3. (21) 

A. Electron in the rotating electric field 

If, in addition, the longitudinal component of electric field vanishes, ai = with ui = 0, we obtain from Eqs. (|12l - 

P\\=eradP±l^ (22) 
P± = ITleCa - EradPWl^, (23) 



where the components of the electron momentum parallel and perpendicular to the electric field defined by Eq. (jlOp 
are equal to 

P\\ = ■^^^ = meCU2, (24) 



P±^ yp'^ - p'\\ = mecua, (25) 
respectively (see Fig. [T|). In this case equation (pi]) yields a relationship between pu and p±: 



Pfl +Pi = mecap±. 



(26) 



FIG. 1. Electron moving in the rotating electric field emits EM radiation. Due to this the angle between the electron momentum 
and electric field, is not equal to 7r/2. 



The electron gamma- factor 7 is equal to y/T+i^+u^ = y^l + p^^ / m'^c^ + p\/m1c^. As we see, from the relation- 
ship 

P\\ = \/p±{meCa - p±) (27) 

it follows that the component of the electron momentum perpendicular to the electric field is always equal or less 
than a. Multiplying Eq. by p± and the Eq. by p|| and subtracting them, we find 

a^=erad7'(7'-l), (28) 
m„c 



which corresponds to the energy balance equation (1201) for ai = ui = in the limit a 3> 1. 

If the EM field amplitude is relatively small, i.e. 1 ^ a ^ e^^^ Eqs. ([26|) and (j28|l yield for the components of 
the electron momentum perpendicular and parallel to the electric field 

P± ~ (a - e^rffl"^) (29) 

P\\ « meCErada^- (30) 



— 1/3 

In the opposite limit, when a 3> e^^j^^ , we obtain 



P± « r- (31) 

Pll w meC . (32) 



raa 



In Fig. ^jfL we show the dependence of pj^ and p|| on the EM field amplitude, a, for the dimensionless parameter 
£rad = 10~*, obtained by a numerical solution of Eqs. (|23p . Here, the horizontal axis is normalized by e^^Y"^ and the 



vertical axis is normalized by {am/sradY^'^ ■ 

As we see, the dependences of the components of the electron momentum perpendicular and parallel to the electric 
field correspond the asymptotics given by Eqs. (j30p and p2p. The perpendicular momentum reaches the maximum 



— 1/3 

at a ~ ^rad ^^'^ then decreases. The parallel momentum component monotonically increases with the EM amplitude 
growth. 

It is also convenient to represent the momentum components in the complex form 

p\ I + ip± ~ p exp{iip) (33) 

with p = ^v\_ + V\\ and being the momentum value and the phase between the rotating electric field and the 
momentum vector. Eqs. (|23p can be rewritten as 

= (7^-1) (1 + £2^,7') (34) 
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FIG. 2. a) Dependence of the components of the electron momentum perpendicular, p±, and parallel, to the electric 
field (normalized by mec{am/eradY^'^) on the normalized EM field amplitude, a£^{^, and b) dependence of ip and electron 
gamma-factor 7, normalized by {am/sradY^^ , on ae^^^ for a™. = 2500 and £rad = 10~*. 



ta.n(p = (35) 

£radT 

where the electron gamma- factor 7 is equal to y^l + p'^. These equations are the same as Eqs. (6) in Ref. [isj. 

In Fig. ^jp we present the electron gamma factor 7 normalized by (am/eradY^^ and the angle versus the EM field 
amplitude a for Srad = 10^^. The angle (p changes from 7r/2 at a = 0, when the electron momentum is perpendicular 
to the electric field vector, to at a — 00, when the electron momentum becomes antiparallel to the electric field. 
The horizontal axis is normalized in the same way as in Fig. [2^. 



B. Electron in the superposition of rotating and radial electric fields 

Electron dynamics in the superposition of rotating and radial electric field corresponds to the case of the electron 
direct acceleration by the laser pulse propagating inside the self- focusing channel [2^. Its realization provides the 
conditions for substantial enhancement of the betatron radiation allowing for photon emission in the gamma ray 
energy range (3Q] . 

In the frame of reference moving with the laser pulse group velocity, Vg, the equations of the electron motion are 
Eqs. ([n]-[Tll) with 5 = j = ai = 0: 

(7 - d)u2 = SradUaj'^, (36) 



(7 - d)u3 = 07 - eradU2l'^- 

For variables p and (p defined by Eq. (|33p we can rewrite Eqs. (IMl , 157)) as 

2 



a' = (7^ - 1) 



1 



7 



(37) 



(38) 



7^ - 1 



and 



tan (p 



7 — 6? 

Sradl^ 



(39) 



(40) 



with 7 = ^/T+^. 

In Fig. [3^ we show dependences of the normalized electron energy, if = (7 — l)/(7m — 1), where 7^ = 
+ (Pm/wec)2 with pm/nieC = 700, d = 250, Srad = 10~^, and angle, ip, on the electric field amplitude a. 
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As we see, asymptotically at 7 — c» their behaviour is the same as in the above discussed case corresponding to Eqs. 
([5(11 [5^ and 155)) and illustrated by Fig. [21 In the relatively low energy region the dependence of electron momentum 
on the electric field amplitude shows the hysteresis behaviour as seen in Fig. [3K- In the region Umi < a < am2, with 

ami ~ Sradd'^ (41) 



am2 



(42) 



there are three values of the electron momentum corresponding to one value of a. At a « ami the electron energy is 
approximately equal to 7mi 
hysteresis to occur is 



d and for a ~ am2 we have 7m2 ~ d}^^, provided Asradd'^ <C 1. The condition for the 



^rad 



^2/3 < Q^276. 



(43) 



The hysteresis is distinctly seen in Fig. [3]d showing typical behaviour for nonlinear resonance [31| the nonlinear 
resonance dependence of the quiver energy, on the parameter d, which is equal to the square of the ratio of the 
electron oscillation frequency in the radial electric field to the frequency of the EM wave. This corresponds to the 
nonlinear regime of the "betatron resonance" studied in Refs. (29| . 

For the electron moving inside the self-focusing channel a typical value of the parameter d is of the order of 



-7g, 



(44) 



where 7g = (1 — Vg/c^)~^^'^, i.e. it is approximately equal to 7g. Here we take into account that in the boosted frame 
of reference the EM wave frequency is equal to the Langmuir frequency. As a result we can find the electron energy 
accelerated by the " betatron resonance" mechanism in the laboratory frame of reference to be equal to 



2 2 
nieC 7g. 



(45) 



This corresponds to Kd in Fig. [Sb- For example, for the plasma density of the order of lO^^cm^^ and the laser 
wavelength « 1/im, the electron energy is about 50 MeV. The transverse component of the electron momentum is of 
the order of nieCjg ~ 5MeV. 

The maximal energy, which an electron can achieve in the resonance case according to Eq. (|39p in the boosted 
frame of reference is approximately equal to £e — rnec^^max ~ ^sc^ia/sradY^'^, which corresponds to i^max h^ Fig. 
[3}d. In the laboratory frame of reference we obtain 



c-e ~ nice ^vaax^ g • 

For a « 10 and 7^ ~ 10 it gives £e ~ 500 MeV. The energy of emitted photons is of the order of : 
is of the order of 300 KeV. The emitted 7-rays are coUimated within the angle « 7g. 



3 

max ■ 



(46) 
This 
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FIG. 3. Solution of the electron equation of motion with the radiation friction force in the LAD form in the case of the 
superposition of rotating and radial electric fields, a) Normalized electron energy, if = (7 — l)/(7m — 1), and the angle, tp, vs 
the electric field amplitude a/ am with am = 2500. b) Normalized electron energy, if = (7 — l)/(7m — 1), and the angle, tp, vs 
parameter d/a for a = 50. Here 7™ — + {pm / rUecY with pm/m^c = 700, d — 250, and Erad = 10~*. 
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III. STATIONARY SOLUTION OF THE ELECTRON EQUATIONS OF MOTION WITH THE 
RADIATION FRICTION FORCE IN THE LANDAU-LIFSHITZ FORM 

Here we analyze the electron motion equations with the radiation friction force taken in the L-L form ([5]) for a 
stationary electron orbit. We retain the leading order terms in the limit 7^1, which is the last term in Eq. ([6|). 

A. Electron motion in the rotating homogeneous electric held 

We look for the solutions describing a stationary electron orbit in a rotating homogeneous electric field, i.e. 
El, D, Bi, J vanish in Eqs. ((T]-©- From Eq. ([5]) we obtain for the U2 — p\\/m^c and = p^/m^c momentum 
components the algebraic equations 



U2 = Srad—a [1 + U^) , 



(47) 



U3 = a-erad—a [I + u^) 



(48) 



Using the variables p and tp defined by Eq. p3|) we can present these equations in the form 

„2 



7 



(y - 1)^ 



(49) 



taniy9 : 



7- V7'-4e^ad7'(7'-l)' 



(50) 



In the range of the EM field amplitude, 1 ^ a ^ solution to these equations has the same asymptotic dependences 
as given by Eqs. ([25)1 and However, when the EM field amplitude approaches the value of £~J^, the solution 

qualitatively changes. According to Eq. (|50l) . the electron momentum decreases as also shown in Fig. |4l In Fig. 
11^ we present the components of the electron momentum parallel and perpendicular to the instantaneous electric 
field as functions of the electric field amplitude. Fig. lib shows the dependences of the angle, cp, and the electron 
gamma-factor, 7, on the electric field. The momentum and gamma-factor are normalized by {am/SradY^'^ , and the 
dimensionless electric field amplitude by Srad- 
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FIG. 4. Solution of the electron equation of motion with the radiation friction force in the LL form in the case of rotating 
homogeneous electric field: a) Dependence of the components of the electron momentum (normalized by mec{am / Erad)^^^) 
perpendicular, p±, and parallel, to the electric field on the normalized EM field amplitude, aSrad, and b) dependence of if 



and the electron gamma-factor, 7 (devided by {am/erad 



on asrad for a„ 



1500 and Srad = 7.5 x 10" 



In Fig. Owe present the results of the solution of the electron motion equation in a rotating homogeneous electric 
field. Here the dependences of the electron gamma- factors on the electric field, 7lad and 7llj correspond to the 
radiation friction force taken in the LAD and L-L form, respectively. The normalization is the same as in Fig. 21 
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FIG. 5. Solution of the electron equation of motion in a rotating homogeneous electric field for Um = 1500 and £rad ~ 7.5x10"''. 
Dependences of the electron gamma-factors on the electric field: 7lad and 7ll correspond to the radiation friction force taken 
in the LAD and L-L form, respectively. The normalization is the same as in Fig. |4] 




B. Electron in the superposition of rotating and radial electric fields 

The equations of the electron motion in the superposition of rotating and radial electric fields {b = j = ai = 0) 
with the radiation friction force in the LL form are: 



(7 - d)u2 ^ SradUa (^7 + ails) + - (f 



(51) 



(7 - d)u3 = aj - £radU2 (^7 + au^) + - d 



(52) 



We can rewrite Eqs. , [H]) as 



2 id-j + 7^)^ 7^ - y/ni ~ 4£^,,(7^ ^ 1)^) 
1' 2£2^.(l-72) 



(53) 



tan ip ■ 



2£™d(7-d)(7'"l) 



72 l-Vl-4e^„,(72-l)^ 



(54) 



where ip is defined by Eq. (j33p . 

As in the above considered case described by the LAD model, the dependence of electron momentum on the electric 
field amplitude shows similar behaviour, provided a ^ 1, 7 ^ 1, and 2ero(i7^ ^ 1- 



IV. DISCUSSIONS 



High order derivatives with respect to time in the electron motion equations with the radiation friction force 
in the LAD form stem from the 3D geometry of the electromagnetic field interaction with a point charge, when the 
electrostatic energy diverges for the charge radius tending to zero leading to the so-called classical mass renormalization 
[3, 3]- In a ID electrodynamics model with the point charge role played by an infinitely thin foil there are no such 
difficulties (see analysis of this case in Appendix I). 

As follows from consideration of the above presented exact solutions to the electron equations of motion with the 
radiation friction force taken in the LAD and L-L form, in the limit of relatively low electric field amplitude they 
show the same behaviour, as seen in Fig. [5j When the electric field is strong, i.e. the normalised field amplitude, a, 
approaches the value of £~J^, the solutions are drastically different. 

The condition a = e^T^^ corresponds to the electric field equal to the critical electric field of classical electrodynamics, 

E..r - (55) 



This electric field can produce a work equal to rrieC^ over the distance of the classical electron radius re- 
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The radiation friction force in the Landau-Lifshitz form assumes the smallness of the EM field amphtude compared 
to the critical field of classical electrodynamics. Another parameter which should be small is the ratio of the EM 
field inhomogeneity scale length to the classical electron radius, re- The time dependent EM fields should be slowly 
evolved on a timescale compared to ig — ''e/c, as discussed in Refs. [13, devoted to the problem of classical 
electrodynamics applicability. 

Obviously, the limit of the EM field amplitude of the order of Ecr (and of the space- and time scales of the order 
of Te and tf, = Te/c) is of pure academic interest, because quantum mechanical effects become important at electric 
field amplitudes substantially lower (and on spatial scales of the order of the electron Compton wavelength, h/mec). 
The critical electric field of quantum electrodynamics (QED), 

Es = (56) 
en 

is a factor a = e^/hc « 1/137 smaller. Here a is the fine structure constant. For the electron motion in colliding EM 
waves, the QED effects due to the recoil from the photon emission, should be incorporated into the description of 
the electron interaction with the EM field for an even smaller EM wave amplitude. As shown in Ref. [l2|, the recoil 
from the photon emission comes into play when the photon momentum, Kkm becomes of the order of the electron 
momentum, p. In other words, the photon with the energy larger than the electron cannot be emitted. Here the wave 
vector of the photon emitted by the electron, k,„, is of the order of loj^/c andp ~ rrieCj. This yields the gamma factor, 

at which the photon recoil should be taken into account, equal to 7qm = \fm^(FJhiij . As noted above, for a 3> £^0/^ 
there is a relationship between the electron energy and the EM field amplitude, which has a form 7 = [aj E^ad)^^^ ■ 
For {aj Erad)^^^ — IQM wc havc a = aqM = EradXn^c^ /h^Lo"^ = 2e'^mec/lT?u). The electric field, meCuiaqM / is of 
the order of ai?5, which is equal to a^Ecr, below which both the LAD and L-L forms for the radiation friction force 
give the same result. This confirms a conclusion made in Ref. 33], where on the basis of numerical calculations of 
an electron motion in a very strong laser pulse it was found that in the classical regime the L-L damping equation is 
very adequate. 

Although conclusions following from the above presented consideration do not have the character of a rigorously 
proved mathematical theorem, they give an indication of the range of the L-L forms for the radiation friction force, 
which can be written in terms of the normalized EM wave amplitude: 

a < aQM- (57) 

We note here that the question as to whether or not the EM field amplitude is small compared to Ecr should be 
answered based on the examination of the field in the electron rest frame of reference. For example, if a relativistic 
electron bunch interacts with the EM field, the radiation friction force in the L-L form can predict electron behaviour 
different from that described with the LAD radiation friction force at substantially lower electric field amplitude. 

Quantitatively this limit is described in terms of the Lorentz and gauge invariant parameter 



X = . (58) 

It is of the order of the ratio E = Ecr in the electron rest frame of reference. It can be expressed via the electric and 
magnetic fields and electron momentum as 



(meC7E + p X B)^ - (p • E)^ 



rripcEr 



(59) 



For the case of an electron interacting with a laser pulse, using the solution presented in Ref. we find that the 
components of the electron momentum along, pi — (p • k)/|k|, and perpendicular, Pa = P — kpi/|k|, to the direction 
of the laser pulse propagation can be found from the equations 

Pa = Pa,o + "^ec(a - ao) (60) 

and 



m^c^ -I- [pa^o + TOec(a - ao)]2 +pl-pi ^ J mlc^ -t- [pa,o - mecao]^ + H o ~ P^-.o- (61) 



Here k = |k|ei is the wave vector of the EM wave. These expressions use the conservation of generalised momentum, 
assuming the radiation friction effects are negligibly small (see analysis of the radiation damping effects on the 
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parameter x in Appendix II). pi o and Pa,o are the initial components of the electron momentum, i.e. before collision 
with the laser pulse for Hq = 0. 

For a plane EM wave propagating along the x-axis with the electric, E = —cr^dtA and magnetic field B = V x A, 
where A(a; — ct) is the EM vector potential, prime denotes differentiation with respect to the variable x — ct, and 
a = eA/mgC^, the invariant, x, takes the form 

X=^(.-^). (62) 



Substituting expression (|5T|) to Eq. (p^ we obtain 



^ ■ . (63) 

As we see, for an ultrarelativistic electron, pi Q ^ mgC, colliding with the laser pulse in the co-propagating config- 
uration, i.e. pifi > 0, Pa,o — and slq — 0, the parameter x is negligibly small: 

X« (£;/£;cr)(mec/2pi,o). (64) 

In the case of the head-on collision of an ultrarelativistic electron with the laser pulse, when pi_o < , Pa,o — and 
ao = 0, the parameter x is a factor {2pi^Q/'mec)'^ larger and is approximately equal to 

X~ {E/E,r)i\2pi,o\/mec). (65) 

If the electron appears inside the laser pulse as result of a gas ionization or due to the electron-positron pair creation 
(see Refs. [l^ [ij, 1131), the initial electron momentum is negligibly small, pi^ w and Pa.o ~ 0, the constant ao 
corresponds to the EM field in the point and instant of time where and when the electron is created. In this case the 
invariant x is equal to 

X^^yiTV-^ (66) 

with ttcr = eEcr/'nif.ujf^c — l/{u)Qt^). 

The above defined parameter x is again a factor 1/a ~ 137 smaller than the known quantum electrodynamics 

parameter Xe = \j (F'^'^Uu)'^ / Es, which gives the ratio of the EM field amplitude to the QED critical field, Es, in the 
electron rest frame of reference [IH. For a 1/xm ten-petawatt laser pulse focused to a few microns focus spot with the 
dimensionless amplitude a = 3 x 10^ the parameter x becomes equal to unity for the electron energy of about of 40 
GeV and the QED parameter Xe is of the order of unity for the electron energy of about 300 MeV. 
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Appendix A: RADIATION FRICTION IN ID ELECTRODYNAMICS 

In a ID electrodynamics model with the point charge role played by an infinitely thin foil ,36] there are no difficulties 
with high order derivatives with respect to time in the electron motion equations with the radiation friction force. This 
model has been extensively used in studyin g th e problem of relativistic thin plasma layer transparency, particularly 



37 



see also the experimental paper |38|), in the high order harmonics 



15l |40j , and in the generation of coherent extremely high intensity x-ray 



for the purposes of the laser pulse shaping 
generation [39], in the laser ion acceleration 
pulses by relativistic mirrors 14 1|. 

Using the results of Refs. j36ll37|. we consider the case of normal incidence of a plane electromagnetic wave on an 
infinitely thin foil. The foil is located in the plane x = 0. The interaction of the wave with the foil is described by 
Maxwell's equations for the vector potential A(a;, t) which yield 

duA - c^d^^A = 47rc(5(x)J(A) + S{t)A{x, 0) + 5{t)A{x, 0), (Al) 
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where 5{x) is the Dirac delta function and a dot denotes differentiation with respect to time. The first term on the 
right hand side of Eq. (|Aip describes the electric current in the foil and the delta function, S{x), represents its sharp 
localization. The electric current J(A) is a function of the vector potential A{0,t) at x = 0. The last two terms on 
the right hand side of Eq. (|Al|) are equivalent to the initial conditions: A(x, 0) — Ao{x) and 9t A(x, 0) — Ao{x). 
Here the functions Ao(a;) and Ao(a;) define the incident electromagnetic wave, Ao(a;,t). Convolution of the Green 
function for the one-dimensional wave equation, G{x, t; s, r) — 9{{t — r) — |x — s\/c)/2, with the terms in the r.h.s. of 
Eq. dJl]) yields 



nt— \x\/c 

A{x, t) = Ao(a;, + 27r / J(A(0, T))dT. 

Jo 

Assuming a; = on both sides of Eq. (|A2[) and taking the derivative with respect to time, we obtain 



A(0, t) = Ao(0, t) + 27rJ(A(0, t)). 



(A2) 



(A3) 



On the right hand side, Ao(0,i), is a known function and the electric current, J, is assumed to be a given function 
of A{0,t). In this way a nonlinear boundary problem for a system of partial differential equations is reduced to the 
ordinary differential equation for the field inside the foil (jA3[) . Solving this equation we find the vector potential 
A{0,t) inside the foil. Substituting it into Eq. (jA2l) we obtain the expression that describes transmitted and reflected 
waves. 

Taking into account the generalized electron momentum conservation, p — eA/c = constant, and the relationship 
between the electric current and the electron velocity, J = —enjv — —enjcp/ ^ nieC^ + p^, where Ue and I are the 
electron density and the foil thickness, we find that the ID equation (jASp for the stationary motion of a thin foil 
interacting of its interaction with a rotating electric field can be written in the form 



Here eo is the dimensionless parameter 1371], 



U2 = SoU^h^ 



nieUJoC 



proportional to the surface electric charge of the foil: en^l. 
Solving this system of algebraic equations we obtain 



"2 



V2a 



y^4a2 + (1 _ a2 + + (i + ^2 _ ^2) 



(A4) 
(A5) 

(A6) 



(A7) 



"3 



2a 



y^4a2 + {l-a^+ elf - {l - + el) . (A8) 
In the limit of a relatively weak EM field when eo ^ a ^ 1 solutions to Eas. (|A7|) and (|A8[) have the asymptotics 



l + el 2(1 + eg) 



Ma 



(1 



r2^3 



In the opposite limit for a ^ Eq ^ 1 the asymptotics are 



+ O(a^). 



U2 = eo 



^^^^^a + 0(a-), 



(AlO) 



(All) 
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2 2 

{t3 = a-- + ^ + 0(a-*). (A12) 



As we can see, in the dissipative range of parameters, which corresponds to a relatively low EM field amplitude Eq S> 
a, the component of the electron momentum, p^, parallel to the electric field is much larger than the perpendicular 
component, pj_. In the limit of a strong electric field, sq ^ a, we have p|| <C p±, i.e. the electron momentum is almost 
perpendicular to the instantaneous direction of the electric field, contrary to the case of a 3D point electric charge, 
when the dissipative regime with p|| ^ p± requires the condition: a ^ Erad- 

Appendix B: DEPENDENCE OF RADIATION FRICTION EFFECTS ON THE PARAMETER x IN THE 
ULTRARELATIVISTIC ELECTRON INTERACTION WITH AN EM PULSE 

Incorporating the radiation friction effects in the Landau-Lifshitz form into the electron equation of motion ([1] 6), 



^ = -eE--^(pxB)-^H (^.c,E + pxBf-(p.Ef . (Bl) 



Here we retained the main order terms in the radiation friction force. If SradO-j'^ S> 1, which for a ten petawatt laser 
with a = 300 corresponds to 7 w 500, the interaction becomes purely dissipative and Eq. (|B1I) can be reduced to 



^=-e^^,u:a^-2t)^. (B2) 
at mgC 

In this equation we assume the head-collision case of the electron interaction with the laser pulse, for which x ~ —ct 
and a{x — ct) w a(— 2t). Its solution is given by 

Pi{t) = ji • (B3) 

■meC + EradOJPifi a^{-2t')dt' 
Jo 

For a pulse envelope, a(t), of the Gaussian form, a{t) = agexp 

(-tV2Tf„s), Eq. dm takes the form 

Pl{t) = r (B4) 

77leC + SradaluiTlasPlMV'^ eTi{V 2t / Tlas) " 1 

where erf(x) is the error function equal to (42| 

erf(a;) = ^ / exp{-t^)dt. (B5) 
2 Jo 

The dependence given by Eq. (jB4|) shows that for large enough uJTiasPi,oaQ the electron momentum tends to the limit 
of 

^'iW^A/o 2' (B6) 

V o erad^Tiasao 

which is independent of initial momentum value, pi.o. In this limit, the parameter x is equal to 

X=\[l^. (B7) 

V 8 UJTiasao 

Although for ujTias 3> 1 and ao S> 1 it is substantially smaller than unity, the QED parameter, Xe, being a factor 
« 137 larger, can be larger than rmity as shown in Ref. [isj . 
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